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Abstract

A fixed rate shape-gaimuantizerfor the memorylessGaussiarsourceis proposed. The shape
quantizeris constructedrom wrappedsphericalcodesthat map a spherepackingin R¥~! onto a
spherein R¥ | andthe gain codebookis a globally optimal scalarquantizer A wrappedLeechlattice
shapeguantizeiis usedto demonstrate signalto quantizatiomoiseratio within 1 dB of thedistortion-
ratefunctionfor ratesabore 1 bit persample andanimprovementover existing techniqueof similar
compl«ity. An asymptoticanalysisof the tradeof betweengain quantizatiorandshapequantization
is alsogiven.
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1 Intr oduction

An importantgoal in sourcecodingis to designquantizersthat have both reasonablemplementation
compleity andperformancesloseto the distortion-ratefunction of a source.Scalarquantizershave low
implementationrcompleity, but their distortion performances usually muchworsethanthe distortion-
ratefunction. Corversely fixedblocklengthconstructve techniquegor structuredsectorquantizergVvQ),
suchasthegeneralized.loyd algorithm(GLA) [1] performwell, but their creation storageandencoding
compleities eachgrow exponentiallyin bothdimensionandrate(alsosee[2, 3]).

A numberof compleity constrained/Qs have beenproposedn an attemptto improve uponscalar
guantizationwhile retaininglow implementatiorcompleity (e.g.,see[4]). This papermakesuseof two
of thesemethods|attice quantizatiorandshape-gaimuantizationtogethemwith wrappedsphericakcodes
for channelcoding[5]. Our proposedixed ratequantizerdoesnot have exponentialcompleity; in fact,
the operatingcompleity grows linearly with therate.

The quantizempresentedn this paperis designedor a memorylesssaussiarsource.Onereasorfor
studyingthememoryles$saussiarsources thatit naturallyarisesn numerouspplicationsFor example,
the predictionerror signalin a DPCM (differential pulsecodemodulation)coderfor moving picturesis
well-modeledasGaussiati6]. Also, discreteFouriertransformcoeficientsandholographicdatacanoften
beconsideredo betheoutputof a Gaussiarsource7] (althoughsomeotheraspect®f imagesandspeech
are bettermodeledas Laplaciandistributions[8, 9]). Furthermorea known filtering techniquetendsto
make memorylesssourcesappearGaussianwhich makesthe systeminsensitve to errorsin modeling
the input [10]. The Gaussiarsourceis also easiermathematicallyto analyzecomparedo someother
sourcespecausats distortion-ratefunctionis known explicitly. In fact, the Gaussians known to bethe
mostdifficult sourceto compressjn a ratevs. distortionsensg11]. Finally, the Gaussiarsourcehas
provideda historicalbenchmarkior measuringhow closea practicalquantizercancometo thetheoretical
performancegredictedoy Shannori2, 3,6,7,10,12-28].

Section2 gives propertiesof Gaussiarsourcecoding and Section3 describeghe constructionand
performanceanalysisof the proposedvrappedshape-gairvectorquantizer It is shovn how a fixed rate
lattice quantizercanbetransformednto a shape-gaimuantizer An asymptoticanalysisgivesthe optimal
highresolutiontradeof betweerallocatingrateto thegainandshapeguantizersandtheindexing problem
is discussedSection4 describes specificimplementatiorof the proposedGaussiarcoderusingthe 24-
dimensionalLeechlattice for the shapecodebook. The performanceas comparedagainstother known
guantizersaandthe computationatompleity andconfidencentervalsaredetermined For amemoryless
Gaussiarsource this shape-gaimuantizerperformsbetterthanotherquantizersn the literatureat rates
of threebits persampleor higher Someextensionsaregivenin Section5.

2 Preliminaries

Let X € R* bearandomvectorwith independentomponentsiravn from a N (0, o2) memoryles$Gaus-
siansource.The probability densityfunction (pdf) of X is fx (V) = (2r0?) %2 exp(—||Y||?/(20?)) for
Y € RE. LetQ, = {Y € R* : ||Y|| = 1} betheunit spheren k-dimensionsandlet S;, = 27%/2/T'(k/2)
be the (k — 1)-dimensionalcontent(“surfacearea”) of €, whereI'(v) = [°t“ ‘e *d¢ is the usual
gammafunction. Also denotethe betafunctionby §(u,v) = I'(u)I'(v)/T'(u + v). Thefollowing lemma
givessomepropertief g = || X||.
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Lemma 1.

2rk~1exp (;TT?Q)
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pdf: 1) = fix1(r) = Ty g7 (1)
202T (%) 2mo?
: El||X]||| = = 2
ren (1)) = P = @
second moment: E[| X]||?] = ko? (3)
variance:  var[[| X|[] = ko® — % @)

Eq. (1) is thegeneralizedRayleighlaw [29] and(2), (3), and(4) follow by directcomputation.

A consequencef Lemmal is thatthe meanof g is approximatelyr/k — 1/2 for large k (by appli-
cationof Stirling’s formula), while the varianceof ¢ is boundedby %/2 for all k£ [30]. Thus,ask — oo,
the normalizedquantity g/v/ko2 hasa meanwhich tendsto oneandvariancewhich tendsto zero. This
is the so-called"sphere-hardeninggffect [31], andimpliesthatfor large &, the randomvector X /v/ko?
is approximatelyuniformly distributedon €2, which providesmotivationfor mappinglatticesfrom RF—*
to ;. The performanceof lattice quantizersfor a uniform sourcein a region of R¥~! (asymptotically
optimalunderGershas conjecturd32]) canthenbe transformedo the sameperformancdor a uniform
sourcen €.

A k-dimensionalvector quantizer is a mapping@ : R* — RF whoserange,calleda codebook, is
finite. Theelementof acodebookarecalledcodevectors. A spherical vector quantizer (SVQ) with radius
r is avectorquantizerwhosecodesectorseachhave Euclideannormr. A nearest neighbor quantizerQ
is a quantizersuchthatfor every z € R¥, no codevectoris closerto = thanQ(z). Therate of the vector
quantizer? is definedasR = (log, N)/k bits,whereN is thenumberof codesectorsof (). For notational
corvenience(l(z) is oftenreplacedy z.

A nearesheighborsphericalvectorquantizersatisfiesQ(cX) = Q(X) for all ¢ > 0. Sakrison[25]
shoved that if a nearestneighborsphericalvector quantizerwith radius E[|| X ||] is usedto quantizea
Gaussiarrandomvector X, thenthe resulting MSE distortion per dimensioncan be decomposednto
shapeandgaindistortionsas
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Figure2: Block diagramof shape-gaimuantizerencoder

whereX, = E[|| X]|] - HXI (seeFigurel).

Thegalndlstortlonterm of (5) becomesgyligible ask increasesndaneffective quantizerfor X is a
sphericalvectorquantizemwith radiusE[|| X ||] for a sourceuniformly distributedon 2. Usingarandom
coding agumentSakrisondescribedsucha quantizerand shaved that it approacheshe distortion-rate
function, but the complexity of his quantizergrows linearly with the codeboolsize.

In the presentpaper we describea high performanceGaussianguantizerusing shape-gainvector
guantization.The shapequantizeris a wrappedsphericalquantizerthat canbe effectively implemented
and which also hasexcellentdistortion performance.No assumptions madethat £ is asymptotically
large,andhenceit is notassumedhatthe gaindistortionin (5) is negligible. For example,whenk = 25
ando? = 1, thegaindistortiondominateghe overall distortionperformancet ratesof threeor higher

A shape-gain vector quantizer decomposea sourcevector X into again g = || X|| andshape S =
X/g, whicharequantizedo g andS, respectiely, andtheoutputlsX = §S (seeFigures2 and3). As is
commonpracticewe assumehequantizecshapesatisfied|S|| = 1. An advantageof shape-gaiivQ is that
the encodingandstoragecomplexities grow with the sum of the gain codebooksizeandshapecodebook
size,while the effective codeboolksizeis the product of thesequantities.Necessarpptimality conditions
areknown for optimalshape-gaimuantizatiorandthesecanbe usedto designlocally optimalshape-gain
vectorquantizerd4, pg. 446]. However, sucha designprocedureyields unstructuredshapecodebooks,
which canbecometoo large in practice(we determinethe optimal codebooksizesanalyticallyfor high
ratesin Section3.3). In our exampleimplementationthe gaincodebookhas15 or fewer codevectorsfor
ratesunder4, andthe shapecodebookcanbeimplicitly computedandthusdoesnot needto be stored.

3 Shape-GainWrapped Spherical Vector Quantizer

The proposedshape-gairvector quantizerfor Gaussiarsourcesusesa wrappedsphericalcodefor the
shapeguantizercodebook.We imposethe constraintthat the quantizedgain g dependnly on the true
gain g andthe quantizedshapevector S dependnly on the true shapevector S. This allows the gain
andshapequantizergo operaten parallelandindependentlyf eachother andit simplifiesthe analysis
of thedistortion. A small performancémprovementcanbe realizedby allowing § and S to eachdepend
on bothg andS, whichis discussedn Section5. TheratesR, and R, of the shapeandgaincodebooks,
respectrely, aredefinedasthe numberof bits usedto quantizethe shapeandgain per scalarcomponent
of X € R*. Thusthe numberof bits usedto quantizeeach(k — 1)-dimensionakhapevectoris kR, and
the numberof bits usedto quantizeeachscalargainis k£ R,. Thechoiceof ratesR, and R, is discussedn
Sections3.2and3.3.



Figure3: Encodingusingthe shape-gaimuantizer

We optimizethe gain codebookwith the Lloyd-Max algorithm[18,33] usingthe gainpdf f,(r) from
(1) (notrainingvectorsareneeded)Sincef,(r) is strictly log-concaetheLloyd-Maxalgorithmcorverges
to a globally optimumgain codebooK34,35]. The centroidconditionimpliesthat E[g] = E[g] andthe
MSEis E[¢?] — E[§?].

Theshapecodebooks generatedby awrappedsphericatodewhoseconstructioris reviewedhere(for
moredetailsse€]5]). Let A denotea sphergpackingin R¥~! which hasminimumdistancei, anddensity
Aj. Thelatitude of apoint X = (x1,...,7x) € Q4 is definedassin ' (zy), i.e.,theanglesubtendedrom
the“equator’to X. Let —m/2 = ag < - -- < ay = /2 beasequencef latitudeswhereN = [r/\/d,|
ando; = m(% — 1). Theith annulus is definedasthe set

Ai={(z1,...,zk) € W ¢ a; <sinxy < g}

i.e., the pointsbetweenconsecutie latitudes(seeFigure4). Let (z), = max(0,z), andfor eachX =
(CUl, . ,l‘k) € A, let

Xy = argmzin{HX —Z||: Z = (21, -, 2k-1,8In ) € U }.

i.e.,theclosestpointto X thatlies ontheborderbetweenAd; ; and A; (seeFigure5b). Let primenotation
denotethe mappingfrom R* to R*~! obtainedby deletionof the last coordinate,so that for example,

X" = (zy,...,z,_1). Foreachi, defineaone-to-onemappingh; from A; to asubsebf R*~! by
X' ,
hi(X) = i (XLl = 11X — XTJ) .- (6)

Thewrapped spherical vector quantizer codebookW , with respecto a packingA is definedas



Givenk sourcesamplesform thevectorX € R,
Computeg = || X|| andS = X/g.
Usethegaincodebooko quantizeg asg.

Findi suchthato; < sin™' z; < a4;1, andcomputeh;(S).
Find the nearesheighbor?; (S) to h;(S), in A\{0}.
Computeh; ! (k;(S)) to identify the quantizedshapes.

N o o M e bdh e

Computetheindex of §S andtransmit.

Tablel: Algorithmic descriptionof the quantizerW, .
Wa = [Jhr ' (AN {o}). (7)

An exampleof awrappedsphericalvectorquantizein R? is shavn in Figure6, wherethe codevectors
arethe centersof the sphericakaps.Table1 describeshe procedurdor usingWy, .

3.1 Decompositioninto Shapeand Gain Distortions

Thedistortionof theproposedsaussiamuantizerdecomposemto gainandshapeadistortionsin muchthe
sameway asfor Sakrisons sphericalvectorquantizerin (5). The gaindistortioncanbe evaluatedusing
numericalintegration. The shapedistortioncanbe closely approximatedand verified to be accurateby
simulations.

The MSE perdimensionof W, canbedecomposeds

1 .
D = LE[IX - g5

1 A 2 R B
= TE[IX - 9S|1”] + Bl - ) (58 — 99)] + ZElgS - 35|17 (8)

Figure4: Q, is partitionedinto annuli.
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Figure5: (a) Themappingof apoint X underh;. (b) Themappingof mary pointsunderh;. Thelatticein
the planehassimilar structureon €25.

whereD,, D., and D, denotethefirst, secondandthird termsof (8), respectiely. Thus,

I6-5)]

= LEl(g— ) ©

1
_Dg = EE

which is the perdimensiondistortiondueto the gainquantizer If §S is known, theng, S, andS areeach
alsoknown, sothat

D, = ZEBIX - 45)(3S - 45)145]
= ZBIB(X ~ §5)719S](S — 99)]

— ZEIElg - 9)ld)S" (95 - 5) (10)
= 0 (11)

where(10) follows by theindependencef g andg from S, and(11) follows from the centroidcondition
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Figure6: A wrappedsphericalvectorquantizer



of thegainquantizer Finally,

D, = LEFElS - S|P 12
= L(Bl¢"] - El(g — 9YDEIIS - $I] (13)
~ LEIFIB(S - 87 14
= IS - 817 as)

where(12) follows from theindependencef S andS from g, (13) follows from the centroidconditionof
g, and(15) follows from (3). Theapproximationn (14) is accuratdor high signal-to-noiseatios(SNR)
for the gainquantizeywhich we will assumelt canbe mademoreexactby estimatingthe errortermvia
high resolutionanalysisusingBennetts integral, but we will not needto do sohere.Hence,D, actsasa
“shapedistortion” (multiplied by the constant®[¢?]).

In summarythedistortionof W is

D~ LEllg= 7]+ Ells - 5|7 (16)

which partitionsthe distortionof W, into shapeandgaincomponentsasin [25]. The decompositiorof
D allows usto optimizeW by separatelypptimizingthe shapeandgaincomponents.
Thegaindistortionis givenby

D, = Bl = ¢ [ (= a0 s dr a7

whereg(r) is the gainquantizatiorof » andwhere f,(r) is givenin (1). This integral canbe numerically
evaluatedoncethe gainquantizethasbeendesigned.

We estimatethe shapedistortion D,, useit in the designalgorithm,andvalidateits accurag by the
obseredshapedlistortionin the simulationsfor W, . In all caseseportedthe approximatecomputations
of distortionagreewith the simulatedresultswithin 0.1dB.

It follows from [30, Lemmad4.2] thatif U,V € A; and||h;(U) — h;(V)|| = O(da), then

17:(U) = ha(V)|[?
1-0(Vdy) < v S b (18)

i.e.,themappingusedin W, nearlypreseresdistancesThus,for asymptoticallyhigh R, thedistortion,
E[|S — S||?], of W, , for S uniformly distributed on €, is equalto the distortion of the underlying
lattice quantizewith codebookA for a uniform sourcein R¥—1. Let IT be a Voronoiregionof a (k — 1)-
dimensionalattice A suchthat0 € II, andlet V' (A) denotethe volumeof II. The normalizedsecond
momentof IT (or of thelattice A) is

i Ju [ dt

V(A) e
andthe (k — 1)-dimensionalvectormean-squareérror when A is usedto quantizea uniform source,

GA) =

Moo andNeuhof [36] shaved thatthe minimum MSE for quantizinga non-uniformunboundedsourceusing a lattice,
decaysto zero asymptoticallyas 2-2F+0(og(R)) insteadof the known 2-2F+0(1) decayrate using asymptoticallyoptimal
guantizers.



1. For rateallocation(R,, R;), use(a)-(c)belon to computethe distortion.

(a) Estimatethe minimumdistanceof A whichwill producearate R, shapequantizer
(b) UsetheLloyd-Maxalgorithmto optimizetherate R, gainscalarquantizeifor f,(r).
(c) Estimatethedistortionof W, using(17) and(19).

2. ldentify the allocation(R,, R,) which minimizesthe estimateddistortionin step1, using Brent's
method[38].

3. ComputeR, exactly usingthe thetafunctionof A.

Table2: Optimizationalgorithmfor constructiorof W, atrate R.

neglectingoverloaddistortion,is the mean-squaredrrorin arny Voronoiregion, givenby

2

1 0 o
T / I dt = (k — DGA)V (A)

Thus,for finite R, theshapdlistortionis approximatedy

2

Dy ~ o%E[||S — 5||] = (k — 1)a?G(A)V (A)#-1. (19)

For asymptoticallylarge R, and R, thefirst approximatiorin (19) becomedight by (13) becauseé®[(g —
§)?] — 0, andthe secondbecomedight becausel, — 0 in (18). Thus,

lim D,V(A)*=1 =02 lim E[||S — S|2V(A)=T = (k — 1)02G(A) (20)
Rs—00 Rs—00

Thevalues(or closeapproximationspf G(A) aregivenfor the bestknown latticesfor the uniform source
in[37,pg. 61]. Theshapalistortionis affectedby scalingA. For example,doublingtheminimumdistance
of A increases/(A) by a factor of 2¥=1, while G(A) is invariantto scaling,and the shapedistortion
thereforeincreasedy afactorof four. Thetotal distortionD = D, + D, is estimatedising(17) and(19).

3.2 Experimental Allocation of Shapeand Gain Rates

Let R bethe transmissiorrate of the shape-gaiwrappedSVQ andlet the shapecoderate R, andgain
coderate R, satisfy R, + R, = R. Therate R, determinedoy (7) canbe alteredby rescalingA sothat
moreor fewer pointsare containedn W, . We numericallydeterminethe allocationof rate R between
R, and R, thatminimizesthedistortionof thewrappedSVQ, usingthe designalgorithmgivenin Table2.
In the next section,we provide an analyticalsolutionfor large rates. Sincethe gain codebooksizeis an
integer, the valuesof R, arerestrictedto a finite setandthe optimal valueof R, canbe found exactly.
(Thisis in contrastto optimizationsover aninfinite set,in which aniterative algorithmmay not corverge
to preciselythe optimalvaluein boundedime.)

For a given pair (R,, R;), the gain codebookis optimizedusingthe Lloyd-Max algorithmwith R,
bits. SinceeachVoronoicell corresponds$o onelattice point, the numberof shapequantizercodesectors



is closelyapproximatedy the (£ — 1)-dimensionatontentof the sphere),, dividedby thevolumeof one
Voronoicell (recall,V (A) ~ V (h;(A)) [30]). Thatis, 2¥%: ~ S, /V (A) andit wasshawn in [30] that

lim V(A)2F = G, (21)
Rs—00
Thus,for agivenshapeaate R,, we scaleA beforetheshapecodebooks constructedguchthatthevolume
of the Voronoicell satisfiesV (A) = 532 *%s,
After optimizationis complete the actualnumberof coderectorsis computedby evaluatingthe theta
function. This moretime-consumingstepis avoidedduring the optimizationstep,which only usesesti-
matesof the codeboolsizes.

3.3 Theoretical Allocation of Shapeand Gain Rates

Herewe considetthetheoreticatradeof betweerallocatingtransmissiomateto thegainquantizerandthe
shapeajuantizer In orderto facilitateanalysiswve usehigh resolutionassumptionst-or generakhape-gain
guantizerghisis anunsohed problem.However, if: (i) thesourceis Gaussian(ii) theshapecodebooks
basedon a lattice; and(iii) the gainquantizeris independenof the shapeguantizerthenit is possibleto
obtaina high resolutionanalyticsolution. This may helpto provide intuition aboutthe moregenerakase
too.

Sincethe transmissionmate R, the shapequantizerate R,, andthe gainquantizerate R, arerelated
by R = R, + R, we canwrite the shapedistortionandthe high resolutiongaindistortionas

D, ~ (k-1)0*GA)V(A)&T ~ 02 2R (557) (22)
Dg ~ 092—2Rglc :OQQ—QIC(R—RS) (23)

where(22) follows using(19) andwhere(23) holdsfor large i, from Bennetts integral [4], with C; and
C, constantghatareindependenof R, andR,. To determinethe growth rateof R, asa functionof R

thatminimizesD = D, + D, onecanintuitively reasorthatthe asymptoticexpressiondor D, and D,

mustdecayat the samerate. Equatingthe exponents2R; (:£;) = 2k(R — R;) givesR, = (1) R,

which givesanaccuratdirst-orderapproximatiorof R,. Indeed this follows the intuition thatthe shape
codebookbasedna (k — 1)-dimensionalattice andthe gaincodebookbasedn a scalarquantityshould
have arateallocationof approximatelyR(k — 1) /k and R/k, respectiely, for therate R, k-dimensional
vectorquantizer The exactoptimalchoiceof R, is givenin thefollowing theoremwhereit is shavn that
D ~ A27%E with the constant4 identified and dependingonly on the vectordimensionk, the source
variances?, andthethe normalizedsecondmomentG(A) of thelattice A.

Theorem1. Let £ > 1, let X € R* be an uncorrelated Gaussian vector with zero mean and component
variances 0% < oo, and let A be a lattice in R¥~! with normalized second moment G(A). Suppose X is
quantized by a k-dimensional shape-gain vector quantizer at rate R = R, + R, (Wwhere R; and R, arethe
shape and gain quantizer rates) with independent shape and gain encoders and whose shape codebook is
a wrapped spherical code constructed from A. Then the asymptotic decay of the minimum mean squared
guantization error D isgiven by

lim D22R = o) Tolm: (24)

R0 (k—1)%



and isachieved by R, = R and R, = R}, where

k—1 1 C 1
* i 1 s . __
1 k—1 C 1
* _ R | . __
R, (k) [R 2% °g2(cg k—l)]’ 29
RN = gk/ors (k42
Cy=0" (k- 1)G) (Fg) T and €, = 0 g E)

Proof. Let D, and D, bethedistortionsof the shapeandgainquantizersatratesk; and R, respectrely.
From(11) we have

D= inf (D.+D,) 27)
Rs+Rg=R
andtherefore
D92k — SRQ_ZGR(%) + gp2?ker (28)
where

—1
R = R?‘<kT>R

Sp = DSQQR;(%)
R = Dg22k(R—R;f)_

Also, R; — oo andR — R; = R, — oo asR — oo, for otherwiseeither D, or D, (andhenceD) would
beboundedaway from zero(i.e. not achieving the minimum MSE quantization) Definethe quantity

Cg = }%i_r)rologR
f
_ || 192”;/3 (29)
1 oo 3
= 13z ([ o)
1 IR P
. k—1)/3 —r2/(652
= T(h/2) 20026k (/ e dr) (30)
1 o0 3
_ o(k—4)/6 (32 (k+2)/6 / $(k—4)/6 —t gy
r(k/?)(w)k/?ﬁk( B ), ¢ (1)
_ o, 3 () (32)
8K (k/2)

where (29) follows from Bennetts integral [4]; (30) follows using the densityfunction f, of the gain
g = || X|| from (1); (31) follows by substituting-? = 602¢; and(32) follows from [39, pg. 342,eq.662].

11



Definethe quantity

C; = lim sp
R—o0

= Jim 2 (Blg?] ~ El(g — 9D IS — §I17 - 227 (e

= o lim E[||S — 8|17 - 227 (+)
R—o00

= o2(k—1)G(A) lim V(A)=T - 228 ()

= (k- DG(A)SFT
= o%(k — 1)G(A) (27*2/T(k/2))

(33)
(34)
(35)
(36)

(37)
(38)

where(34) follows from (13); (35) follows from (3) andlimg_,+, E[(g — §)?] = 0; (36) follows from (20);
(37) follows from (21); and (38) follows from S, = 27%/2/T'(k/2). Note thatthe limit in (33) exists by

working backwardsfrom (37).

Leta = (2k2)10g2( & L) and notice that the unique minimum value of the function f(z) =

T k-1

0,272 (1) 4 C,2% is achieredatz = q, sincef is strictly corvex and f'(a) = 0.
SupposeD, and D, arethedistortionscorrespondingo R, = (*) R. Then

D22R < (-Ds + Dg)22R — DSZQ(FI"I)RS +Dg22k(R—Rs)
— Cy+ 0y

asRkR — oo. ThusD22% is boundedas R — oo. In addition,sz and gy areboundedaway from zerofor

sufficiently large R. Thus,ag is boundedfrom (28),andhencefor k& > 2,

< |sp—=C4l .2*2aR(k%1) + lgr — Cg| . 92kar
— 0

D22R _ CSQanR(kal) _ 092214:(13

asR — co. SinceC,22a(#1) + C,2%ka < C,2 %r() 4 C,2%¢ax for all R, we have

D2 > DR — (C27R(s) 4 gppten) 4 (C,272(5) 4+ gp2%)

Sofor any e > 0, we have D228 > (C,2 2a(gt) 4 C,2%ka — ¢ for sufiicently large R. Thus

liminf D228 > (,272(&5) 4 0 2%,

R—00

(39)

Onthe otherhand,supposeD, and D, arethedistortionscorrespondingo R, = (%) R+ a. Then

from (27),

D" < 2°R(D,+ D,)
- D, 92Rs (351)9—2a(3k7) 4 D, 22K Fe) p2ak
— 022“( )+022’m

12
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asR — oo. Thus,

limsup D222 < C,2 %(#7) 4 ¢, 22k, (43)

R—o0

Combining(39) and(43) gives

lim D2%F = C,272(#71) 4 ¢ 2%

R—o0

which is achized by R: = (1) R + . Substitutingthe definition of a into C,272(#1) + ¢, 22%ke,
R; = (*2) R+ a,andR; = R — R}, gives(24), (25),and(26), respectiely. O

Note that for large R, the optimal allocationof transmissiorrate betweenthe shapequantizerand
the gain quantizeris from (26) approximatelyR; ~ (1— ;) R andR; ~ ;R. This meansthatthe
shapecodebookshould have about2*~1DE codevectorsand the gain codebookshould have about2®
scalarcodepoints,asintuition would indicate. This correspondsoughly to what was obsered in the
experimentalrate allocationoptimization. In simulations,we obsered that the optimal gain codebook
ratewaswithin 8% of this figurewhenR > 3 andwithin 1% whenR > 5.

3.4 Index Assignment

In orderto implementthe shape-gairsphericalquantizeythe M = 2¢fs quantizercodesectorsmustbe
uniquelyidentifiedby binary stringsof lengthk R which aretransmittedacrosshe channel. The assign-
mentis accomplishedn a similar mannerasin [14] for the pyramid vectorquantizerfor the Laplacian
source First,the numberof codesectorsin eachannulusof the shapecodebookis countedusingthetheta
function. We reporton specificresultsusingthe Leechlattice Ay4, for whichthe W,,, codesneeda one-
time computatiorof thefirst few hundredcoeficientsof the thetafunctionof the Leechlattice,which are
storedandusedasneeded.

It is assumedhatthereis an efficient methodfor assigningndicesto the underlyinglattice. This is
the casewith mary lattices,includingthe Leechlattice A,4 (e.9.,se€[40]).

The coderectorsof the wrappedsphericalcodeare assignedo integersaccordingto their quantized
gain, annulus,andorderwithin their annulus,asfollows. Let N representhe numberof annuli of the
shapecodebookL et P; bethenumberof pointsin the jth annulusof ashell,andlet P bethetotal number
of pointsin theshapecodebook Assumingall indicesstartat 0, thelth pointwithin the jth annulusof the
ith gainshellis assignedo thenumber

j—1
iP + ZPa + 1. (44)
a=0

Boththe encodermnddecodemustcomputethis summation.This canbe madeefficient by storingin
memorythepartialsummationstl;}) P, forj =0,1,..., N — 1. Thememoryrequiredfor thisis equal
to thetotal numberof annuliin the codebookwhichis generallynotlarge. For example,in the codebook
W, 0f rate4, thereare 36 total annuli.
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4 Simulations and Comparisons

4.1 Confidencelnter vals of the Simulations

ThecodebookW,,, wasoptimizedaccordingto Table2 andits performancevasevaluatedwith 500,000
i.i.d. Gaussiamandomsampledlockedinto 20,00025-dimensionavectorsandencodedsin Tablel. The
lattice encodingusedthe Leechlattice nearesneighboralgorithmin [41]. The quality of the simulation
resultss expressedh termsof a95%confidencenterval. Thesimulationrunof 20,000vectorsvasbroken

down into 20 blocksof 1,000vectors.For eachblock, the averagedistortionwas determined.Applying

the centrallimit theoremto eachblock distortionandusingthe students-distribution, we calculatedthe
95% confidencanterval. For eachsimulation,theseintenalswerefoundto belessthan0.03dB.

4.2 Performance Comparisons

Table3 demonstratethatshape-gaityQ usingW,,, performswithin 1 dB of thedistortion-ratgfunction
for ratesin the rangeof 2-7 bits/sample.For this range,shape-gaivQ usingW,,, outperformsmary
of the bestquantizersn the literature,including 256-statetrellis codedquantization(TCQ) [20], two-
dimensionafour-statetrellis codedvectorquantization TCVQ) [26], Fischers sphericalvectorquantiza-
tion [14], andLloyd-Max scalarquantization With alarge numberof trellis statesTCQ andTCVQ may
perhapsutperformshape-gaivQ usingW,,,; however, thereportsof resultsin theliteraturehave thus
far beenlimited to trelliseswith 256 or fewer statesdbecausehe designcompleity of TCQ andTCVQ is
someavhatprohibitivefor largertrellises.Trellis-basedcalarvectorquantizatioTB-SVQ)[42] performs
slightly betterthanshape-gaityQ usingW ,,, atarateof 2, but notatarateof 3.

4.3 Computational Complexity

Thearithmeticfunctionsneededo implementthequantizerareaddition,multiplication, division, trigono-
metric functions,squareroot, and comparison.To make a rough estimateof computationacomplexity
(which of coursels machinedependentyve countoneoperationfor ary arithmeticfunction.

In Table1, Step1 requiresno computation,and Step2 requiresk multiplies, £ — 1 additions,and
onesquareroot to calculatethe gain; and & divisionsto calculatethe shape.Step3 requiresone scalar
quantizationoperationwhich canbe performedby a binary searchwith at mostk R, comparisonsStep
4 requiredog, N < kR, comparisonso identify ¢; oneadditionaltrigonometricfunction,onedifference,
onedivision,andonemultiplicationto compute||S;, — S|| = 2 sin((sin™* ) — ;) /2); onetrigonometric
functionto compute|(S.)’|| = cos(«;); onedifferenceto compute||(S.,)'||—||S.—S||; onemultiplication,
onedifferenceandonesquaregootto compute|S’|| = /1 — z%; and1 divisionandk — 1 multiplications
to computeh; (S). Thus,Step4 requiresnomorethank + k£ R, + 10 operations Step5 requireshenumber
of stepsin anearesheighboralgorithmfor A. For the Leechlattice,thefastesknown algorithmrequires
about29550perationson average45]. Step6 requiresk — 1 squaringsk — 2 additions,andonesquare
root to determine||h;(S)||; onedifferenceand onedivision to determinel /(||(Sp)'|| — ||2:(S)|]); & — 1
multiplicationsto determinethe first k — 1 coordinatesof h; ! (h;(S)); and one square one difference,
andonesquareroot to determinethe last coordinate. Thus, Step6 requires3k + 2 operations.Step7
requiresonemultiplication andtwo additionsto determinetheindex. Altogether thisamountgo at most
k(R+7)+ L+ 15 arithmeticoperationsywherefk is thedimension R is therate,and L is thecomputational
compleity of the nearesneighboralgorithmof A. Thus,persample the computationatompleity is at
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Method Rate:| 1 2 3 4 5 6 7
Distortion-Ratefunction 6.02| 12.04| 18.06| 24.08| 30.10| 36.12| 42.14
Shape-gaityQ usingWy,, 2441 11.02| 17.36| 23.33| 29.29| 35.27| 41.33
TB-SVQ(4 state)[42] 5.39| 11.18| 16.92

TB-SVQ(32 state)[42] 5.49| 11.28| 17.05

Wilson (128 state)[20,43] 5.47|10.87| 16.78

TCQ (256 state)[20] 5.56|11.04| 16.64

TCVQ (2D, 16 state)[26] 5.29| 10.84| 16.62| 22.63

Entropy codedscalarquantize{20,22] | 4.64| 10.55| 16.56| 22.55| 28.57| 34.59| 40.61
SVQ (estimated]14] 4.49| 10.51| 16.53| 22.55| 28.57| 34.59| 40.61
GLA (kR=8) (simulation) 10.65 20.98

Z1¢ |attice [16] 10.07| 15.52| 21.00| 26.16| 32.07| 37.68
Unrestrictedpolar Quantizei{44] 4.40| 9.63

Lloyd-Max Scalar{18,22] 4.40| 9.30 | 14.62| 20.22| 26.02| 31.89| 37.81
Uniform scalar{17] 4.40| 9.25 | 14.27| 19.38| 24.57| 29.83| 35.13

Table3: Comparisorof variousquantizatiorschemes$or amemoryles$saussiarsource Valuesarelisted
asSNRin decibels Blank entriesindicatethatreferencedvork doesnot containaresult. Shape-gaivQ
usingW,,, is the proposedschemausingthe Leechlattice asa shapecodebook.
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Method Computations
Shape-gaivQ usingWy,, R+ 126
TCQ (doubledalphabet]20] 3S+4R + 4
TCQ (quadrupledhlphabet)]20] 3S +8R+8
Generalized.loyd algorithm(GLA) [4] QkR+1
Wilson'’s stochastidrellis [44] S . 2R+l
Pearlmars stochastidrellis [3] (S +2)2%

Table4: Comparisorof computationatomplecities of quantizatiorschemegor a memorylessGaussian
source.Datafor othermethodsaretakenfrom [20, TableXll]. & = dimension,R = rate,S = numberof
trellis states.

mostR + 7 + (L + 15)/k. For theshape-gaiYQ usingW,,,, theparametersrek = 25 andL = 2955,
andthe computationatompleity is upperboundedoy R + 119.

Thus, the computationalcompleity of W, grows linearly with rate, andis comparableo that of
trellis-codedquantization(TCQ). Table4.3 summarizeshesecompleities.

5 Generalizationsof the Shape-GainCoder

5.1 Non-GaussianSources

Inherentin the treatmentthusfar is that the sourcehasa Gaussiardistribution, for if the sourceis not

Gaussiarthenthe high probabilityregionmaynotbeasphereput someothershapg46], andthewrapped
SVQ cannotbe effectively used.This sectionpresentsa methodto obtainthe performanceabove for ary

memorylessource.The methodconsistof transformcodingthe source.Typically, transformcodingis

doneto remove dependenciebetweenconsecutie samplesof the source;here,it is usedto changethe
distribution of thesourcewhich mayor maynotalreadybei.i.d., to beroughlyGaussiarandi.i.d., sothat
wrappedSVQ maystill beused.This sameintuition wasusedin [10] to quantizeanarbitrarysourceand
obtaindistortion performancehat approximateshat of a scalarquantizerfor a Gaussiarsource.Unlike

theapproachn [10], in this sectionthe sources transformedn blocks,insteadof usingFIR filters.

Let Q(-) betheoutputof ary k-dimensionalectorquantizerLet

Xl Xm+1 X(kfl)m—kl
Xm X2m chm

whereX; € R hasanarbitrarydistribution. Let H,,, be a Hadamardmatrix of orderm, i.e.,anm x m
matrix with +1 and—1 entriesonly, suchthat#? H,, = mI. Suchmatricesareknown to exist whenthe
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orderis ary power of 2, andfor mary otherordersaswell.? Let H,, = (1/\/m)H,,. Given X, thevector

A

quantizeoutputis: HXQ(H,X). If Y = H,,X,Y = Q(Y), ande = Y — Y, thenit follows that

A

X = HYy

= HY(Y +e)

= HI'(H,X +e)
= H'H,X +Hre
= X+ Hle.

Theend-to-endlistortionof this systemis

E[|X — X|’] E[(X - X)"(X - X)]

= E[(He)" (Hye)]

= E[e"H,,H ]

= E[eTAe] )

= E[(if -Y)I(Y =Y)]
ElY -Y|*

Thus, the end-to-enddistortion of the systemis equalto the distortion due to the quantizationof the
intermediarysignalY” alone. Most importantly the Hadamardransformmodifiesthe distribution of the
input to the vectorquantizer A row Y; of Y is a k-vector eachcomponenf which is the sumof m
differentsamplegor their negation)from { X;}; hence,asm — oo the probability distribution of each
componenbf Y; approacheshe Gaussiardistribution, by the centrallimit theorem. Thus, the internal
k-dimensionauantizer) may be optimizedwith respecto the Gaussiardistribution, evenif % is fixed
andsmall.

5.2 Other generalizations

Therearesereralotherimprovementdor this shape-gaimuantizer For example,insteadof usinga scalar
guantizerfor the gain,gainscould be blockedtogetherandvectorquantizedpr, if fixedratequantization
is not required,entropy coded. Or, we may remove the assumptiorthat the gain and shapecodebooks
operatandependentlyWith a gain-dependerghapecodebooktherecouldbe a differentshapecodebook
associateavith eachquantizedgainvalue. With a shape-dependegtincodebookwe couldchoosej to
minimize|| X — 5| insteadof ||g — §]|.

6 Conclusions

The wrappedsphericalvector quantizerfor the memorylessGaussiansourceachieves distortionsthat
arein mary casedower thanotherpublishedresults. The operatingcompleity of the quantizergrows

2Paley’s Theorem(1933)[47] guaranteethatHadamardnatricesexist for ordersequalto n = 2¢(p™ + 1), for all positive
integerse andm, andevery oddprimep (alsofor p = 0 whene > 2). Theordersfor which Hadamardnatricesexist include
everymultiple of 4 upto 268,andall powersof 2. It is anopenquestiorasto whetherthey exist for ordersequalto all multiples
of 4.
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linearly with the rate, and for moderateratesis dominatedby the compleity of the nearesteighbor
algorithmof the underlyinglattice. This complexity is comparableor slightly lessthan other efficient
guantizationtechniquessuchas pyramid vector quantizationof the Laplaciansource[14], trellis coded
guantization[20], andtrellis codedvector quantization[26]. We note that spherepackingsotherthan
latticesmaybeusedto createthe shapecodebookIn this casemorethanonetypeof Voronoicell results,
andanaverageover all thedifferentVoronoicellsis necessaryo computethe MSE of the scaledpacking.

Acknowledgement: The authorsthankthe two reviewersfor very thoroughreadingsof this corre-
spondencandtheir helpful comments.
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